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Abstract. A projective log variety (X,D) is called "a log Fano manifold" if X is 
smooth and if D is a reduced simple normal crossing divisor on X with —(Kx + D) 
ample. The n-dimensional log Fano manifolds (X, D) with nonzero D are classified in 
this article when the log Fano index r of (X, D) satisfies either r > n/2 with p(X) > 2 
or r > n — 2. This result is a partial generalization of the classification of logarithmic 
Fano threefolds by Maeda. 



1. Introduction 

As is well known, Fano varieties play an essential roll in various situations, especially in 
birational geometry. Many algebraic geometers have been studying Fano varieties, in both 
smooth and singular cases. During the past 30 years, researches of smooth Fano varieties, 
so called Fano manifolds, have been advanced very much by using the theory of extremal 
rays; Fano manifolds can be classified up to dimension three. We have also known that 
the anticanonical degree of n-dimensional Fano manifolds are bounded for an arbitrary n. 
However, very little is known for higher dimensional case. Nowadays, many people use the 
Fano index of a Fano manifold, the largest positive integer r such that the anticanonical 
divisor is r times a Cartier divisor, or the Fano pseudoindex of a Fano manifold, the 
minimum of the intersection numbers of the anticanonical divisor with irreducible rational 
curves, in order to classify higher dimensional Fano manifolds. For example, the n- 
dimensional Fano manifolds with the Fano indices r > n — 2 have been classified ( |K073[ 
Fjt90| IfekTTl IMM811 IMuk891 IWisQOal IWisQObl IWisQlaj ). Another example is the Mukai 



conjecture |Muk88t Conjecture 4] (resp. generalized Mukai conjecture), that the product 
of the Picard number and the Fano index (resp. the Fano pseudoindex) minus one is less 
than or equal to the dimension for any Fano manifold. The generalized Mukai conjecture 
is one of the most significant topics in the classification theory of Fano manifolds and 
is still open even now excepts for the case n < 5 or p(X) < 3 (see [Occ06t INOlOj ). 
One of the most significant results related to the Mukai conjecture is due to Wisniewski 
[Wis90b[ IWis91aj ; he has classified n-dimensional Fano manifolds with the Fano index 
r > n/2 and the Picard number p(X) > 2. 
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On the other hand, it is difficult to classify singular irreducible (Q-)Fano varieties 
since we cannot use deformation theory successfully. In this article, we consider simple 
normal crossing Fano varieties, that is, projective simple normal crossing varieties whose 
dualizing sheaves are dual of ample invertible sheaves. The concept of simple normal 
crossing Fano varieties is one of the most natural generalization of that of Fano manifolds. 
It also seems to be more tractable than that of singular irreducible (Q-)Fano varieties. We 
also consider the snc Fano indices (resp. the snc Fano pseudoindices) of simple normal 
crossing Fano varieties; the largest positive integer r such that the dualizing sheaf is (— r)- 
th power of some ample invertible sheaf (resp. the minimum of the intersection number 
of the dual of the dualizing sheaf and a rational curve). It is expected that simple normal 
crossing Fano varieties with large snc Fano indices have various applications as smooth 
Fano varieties do (for example, see [Kollla] ). 

It is natural to consider their irreducible components with the conductor divisors in 
order to investigate simple normal crossing Fano varieties. The component with the 
conductor has been considered by Maeda in his studies of a logarithmic Fano variety 
[Mae86j . He has classified logarithmic Fano varieties of dimension at most three. A 
logarithmic Fano variety is called a log Fano manifold in this article, which is a pair 
(X, D) consisting of a smooth projective variety X and a reduced simple normal crossing 
divisor DonI such that — (Kx + D) is ample. These manifolds share similar properties 
with Fano manifolds but there are some differences between them. For example, as Maeda 
pointed out, the degree (—(Kx +D)' n ) cannot be bounded for log Fano manifolds (X, D) 
of fixed dimension n > 3. 

We also introduce the concept of the log Fano index (resp. the log Fano pseudoindex) of 
a log Fano manifold, the largest positive integer r dividing —(Kx+D), i.e., — (Kx+D) ~ 
rL for a Cartier divisor L (resp. the minimum of the intersection number of —(Kx + D) 
and a rational curve). Our main new treatment is to consider log Fano manifolds with 
the log Fano indices (or the log Fano pseudoindices). 

The main idea to investigate n-dimensional log Fano manifolds (X, D) with the log 
Fano index r (resp. the log Fano pseudoindex l) and D ^ is the following. First, to 
see the contraction morphism associated to an extremal ray intersecting the log divisor 
positively. We can classify del Pezzo type log Fano manifolds using only this strategy 
in Section 14.11 Second, one can show that D is an (n — l)-dimensional simple normal 
crossing Fano variety such that the snc Fano index is divisible by r (resp. the snc Fano 
pseudoindex is at least t). Hence we can use inductive arguments; the larger the snc 
Fano index or the snc Fano pseudoindex be, the simpler the structure of simple normal 
crossing Fano varieties be, as for Fano manifolds. As a consequence, we can analyze the 
structure of X by viewing the restriction of contraction morphisms to D. 
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Now we quickly organize this article. Section [2] is a preliminary section. We introduce 
the notion of simple normal crossing varieties and log manifolds in Section 12.11 We also 
investigate the condition when log manifolds (and invertible sheaves on them) are glued 
as a simple normal crossing variety (and an invertible sheaf on it) in Theorem 12.71 and 
Proposition 12.81 We define simple normal crossing Fano varieties and log Fano manifolds 
in Section 12.21 and quickly give some properties in Section 12.31 We also show some basic 
results of bundle structures (Section I2.4p . extremal contractions (Section I2.5P and the 
special projective bundles, so called the Hirzebruch-Kleinschmidt varieties (Section 12. 6p . 

In Section [31 we give various examples of log Fano manifolds with large log Fano indices, 
which occur in the theorems in Section HI 

In Section HI we state the main results of this article. 

In Section 14.14 we treat an n- dimensional log Fano manifold (X, D) with D^O such 
that the log Fano pseudoindex is equal to n — 1 (Proposition 14. 2p . whose proof is easy 
but is optimal to understand how to classify log Fano manifolds with index data. 

The main purpose of this article, which we discuss in Section 14. 2\ is to classify n- 
dimensional log Fano manifolds of the log Fano indices r with nonzero boundaries such 
that n < 2r and p(X) > 2 (Theorem 14.31 and Theorem 14.51 see also Tabled]), which is 
a log version of the treatment of the Mukai conjecture by Wisniewski [Wis90b| IWis91aj . 
We prove Theorem 14.51 in Section [5j We note that Wisniewski argued the case r > n/2 
and we treat the case r > n/2 and nonzero boundaries. We also note that we do not 
treat Maeda's case n = 3 and r = 1; some of the techniques of the proof are similar to 
Maeda's one but we investigate completely different objects to Maeda's one. 

Theorem 1.1 (= Theorem 14.31) . If(X,D) is an n- dimensional log Fano manifold with 
the log Fano pseudoindex i > n/2, D ^ and p(X) > 2, then n = 2l — 1 and 

(X,D) ~ (PfF-^OSm], P 1 " 1 x F" 1 ) 

with m > 0, where the embedding D C X is obtained by the canonical projection 
ppp-i.Q*,] Ccan ppp'-ijO^m]. (This is exactly the case in Example\Q\in Section^) 

Theorem 1.2 (= Main Theorem 14.51) . Let (X, D) be a 2r- dimensional log Fano manifold 
with the log Fano index r > 2, D ^ and p(X) > 2. Then (X,D) is exactly in the 
Examples^ HQ, EH \N\ 13 EH EED rVTHl US H EH (See TableUlfor the list of (X, D)). 

As a consequence of Theorems 14.31 14.51 combining Maeda's result, we have classified 
n-dimensional log Fano manifolds with the log Fano indices r > n — 2 and nonzero 
boundaries, which we discuss in Section fOl (Corollary |4~6]) . 

Acknowledgements. The author is grateful to Professor Janos Kollar for showing him 
the earlier version of |Kolllaj and for making a suggestion to classify snc Fano varieties. 
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Notation and terminology. We always work in the category of algebraic (separated 
and finite type) schemes over a fixed algebraically closed field k of characteristic zero. 
A variety means a connected and reduced algebraic scheme. For the theory of extremal 
contraction, we refer the readers to [KM98J. For a complete variety A, the Picard number 
of A is denoted by p{X). For a smooth projective variety X, we define Eff(A) (resp. 
Nef (A)) to be the effective (resp. nef) cone which is defined as the cone in N l (X) spanned 
by classes of effective (resp. nef) divisors on X. For a smooth projective variety X and 
a .fTx-negative extremal ray R C NE(A), 

l(R) := min{(— K x ■ C) \ C is a rational curve with [C] G R} 

is called the length l(R) of R. A rational curve C C A with [C] G R and (— Kx-C) = l(R) 
is called a minimal rational curve of R. 

For a morphism of algebraic schemes / : X — > Y, we define the exceptional locus Exc(f) 
off by 

Exc(/) := {x G X | / is not isomorphism around x}. 

For a complete variety X, an invertible sheaf £ on A and for a nonnegative integer i, 
let us denote the dimension of the k- vector space H l (X,C) by h l {X,C). We also define 
h l (X, L) as h l (X, Ox(L)) for a Cartier divisor L on X. 

For algebraic schemes (or coherent sheaves on a fixed algebraic scheme) A x , . . . , X m , 
the projection is denoted by Pi lt ... : i k : -^-t — llj=i f° r an y 1 — *i < ' ' ' < ^ — m - 

For an algebraic scheme A and a locally free sheaf of finite rank £ on A, let Wx(£) 
be the projectivization of £ in the sense of Grothendieck and Op(l) be the tautological 
invertible sheaf. We usually denote the projection by p: Fx{£) — > X. For locally free 
sheaves £i, . . . , £ m of finite rank on A and 1 < ii < ■ ■ ■ < < m, we sometimes denote 
the embedding obtained by the natural projection Pi lt ...,i k : ©^Lx £% — > ©J=i £%j by 

and we call that this embedding is obtained by the canonical projection. 

The symbol Q n (resp. Q n ) means a smooth (resp. possibly non-smooth) hyperquadric 
in P n+1 for n > 2. We write 0q»(1) (resp. as the invertible sheaf which is the 



SIMPLE NORMAL CROSSING FANO VARIETIES AND LOG FANO MANIFOLDS 



5 



restriction of 0pn+i(l) under the natural embedding. We sometimes write 0(m) instead 
of 0<qn{m) (or 0Qn(m), 0^n(m)) for simplicity. 

For an irreducible projective variety V with Pic(V) = Z, the ample generator O v (l) 
of Pic(V), a nonnegative integer t and integers a , . . . , a t , we denote the projective space 
bundle 

by F[V ; oo, . . . , a t ] 
by F[V;b n °,...X u ] 

for any integers b , . . . , b u and positive integers n , . . . , n u .) We also denoted by 0{m\ n) 
the invertible sheaf 

p*O v (m) <g> C P (n) on P[F; a , . . . , a t ] 

for any integers m and n, where p: F[V; a , . . . , a t ] — >■ V is the projection and Op(l) is 
the tautological invertible sheaf with respect to p. For any < i\ < ■ ■ • < i k < t, we 
denote the embedding 

Py(CVK) © • • • © Cy(a,J) C can Py(Cy(a ) © • • • © Oy(a t )) 

obtained by the canonical projection by P[V; a^, . . . , a^J C ca n P[V^; ao, • • • , at], and we 
also call that this embedding is obtained by the canonical projection. 

2. Preliminaries 

2.1. Snc varieties and log manifolds. First, we define simple normal crossing varieties 
and log manifolds. 

Definition 2.1 (normal crossing singularities). Let X be a variety and x G X be a closed 
point. We say that X has normal crossing singularity at x if X is equi-dimensional of 
dimension n around x and if the completion of the local ring Ox, x is isomorphic to 

k[[xi, . . . ,x n+1 ]]/(x 1 ■■■x k ) 

for some 1 < k < n + 1. 

Definition 2.2 (snc varieties and log manifolds). (1) A simple normal crossing va- 
riety (snc variety, for short) is a variety X having normal crossing singularities at 
any closed points x G X and each irreducible component of X is a smooth variety. 
(2) A log manifold is a pair (X, D) such that X is a smooth variety and D is a simple 
normal crossing divisor on X, that is, D is reduced and each connected component 
of D is an snc variety. 



F v (Ov(a )®---®O v (a t )) 
for simplicity. (We often denote 
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Remark 2.3. Let X be an snc variety and v: X — > X be the normalization morphism 
of X. Then X is exactly the disjoint union of all the irreducible components of X and v 
is induced by natural embeddings. 

Definition 2.4 (conductor divisor). Let X be an snc variety with the irreducible decom- 
position X = |J 1<i<m Xj. For any distinct 1 < i, j < m, the intersection Xj fl Xj can be 
seen as a smooth divisor in Xj. We define 

and call it the conductor divisor in Xj (with respect to X). We often write that 
(Xj, Dj) C A" is an irreducible component for the sake of simplicity. We also write 
X = Ui<i<w(^»i f° r emphasizing the conductor divisors. 

Remark 2.5. If X is an snc variety, then X has an invertible dualizing sheaf ux since 
X has only Gorenstein singularities. Furthermore, if (X, D) C X is an irreducible com- 
ponent with the conductor divisor, then (X, D) is a log manifold and 

e>x\x - Ox{K x + D) 
by the adjunction formula, where Kx denotes the canonical divisor of X. 

Definition 2.6 (strata and lc centers |Fjn09| ). (1) Let X be an snc variety with the 
irreducible decomposition X = IJi<j<m 

Xj. 

• A stratum of X is an irreducible component of f"| ie/ Xj with the reduced 
scheme structure for a subset / C {1, . . . , m}. 

• A minimal stratum of X is a stratum of X which is a minimal in the set of 
strata of X under the partial order of the inclusion. 

(2) Let (X, D) be a log manifold. 

• An lc center of (X, D) is a stratum of some connected component of D. 

• A minimal lc center of (X, D) is an lc center of (X, D) which is a minimal 
in the set of lc centers of (X, D) under the partial order of the inclusion. 

Now, we give the theorem that decompressing log manifolds to snc varieties. Recall 
that an algebraic scheme has the Chevalley-Kleiman property if every finite subscheme 
is contained in an open afline subscheme (see [Kol08t Definition 47]). For example, any 
projective variety has the Chevalley-Kleiman property. 

Theorem 2.7. Let (X 1; Di), . . . , (X m , D m ) be n-dimensional log manifolds such that Xj 
has the Chevalley-Kleiman propeety for any 1 < i < m. Assume that Di is decomposed 
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into 

j^h l<3<m 

such that Dij are smooth (possibly, non connected or empty) divisor for any 1 < i < m, 
and there exists isomorphisms 

for all distinct 1 < i, j < m. We assume furthermore that 

(1) (fiji = 07J. for any distinct i, j , 

(2) Ojj{I),/ ' = DjiDDjk and 4) jk \ D:jinD . k Q(j)ij\ Di:jnDik = 4>ik\D i:j nD ik for any distinct 
i, j, k. 

Then, there exists an algebraic scheme X which has the Chevalley-Kleiman property such 
that any connected component of X is an n-dimensional snc variety and the normalization 
of X can be written as 

v: X x U • • • UX m X, 
and X also satisfies the following: 

• The conductor divisor in Xi (with respect to X) is exactly Di for any 1 < % < m. 

if and only if Xi G D^, Xj G Dji and 4>ij{ x i) = x j f or an V 1 < « < 



V\Xi) — v\x 



j < m, Xi G Xi and Xj G Xj . 

Sketch of the proof. Let X := X\ U- • • UX m and D := D\U - ■ -UD m C X, a divisor on X. 
We note that {(pij}^ defines an involution on ^iji which is the normalization of D, 
by the condition ([I]) . It is easy to show that this involution generates a finite equivalence 
relation in the sense of Kollar |Kolllb| (26), §3] by the condition ([2]). Therefore, by 
|Kolllbt Theorem 23, §3] and |Kol08t Corollary 48] (see also |Fer03j ). we have a finite 
surjective morphism v. X — > X onto a seminormal variety which has the Chevalley- 
Kleiman property such that the following property holds. For x$ G Xi and Xj G Xj, 
v(xi) = v(xj) holds if and only if either of the following holds; i = j and 
i ^ j, XiE Dij,Xj G Dji and <pij{xi) = Xj. 

Pick an arbitrary small affine open subscheme U = Spec A C X. Since v is a finite 
morphism, Ui := z/ _1 (W) D Xi is affine for any 1 < i < m. Let Ui = Spec Ai. Then we 
have a finite extension of Ik-algebra A > YYiLi A% obtained by v. After replacing U by 
a small one, fl Ui C Ui can be defined by a single element G Ai for any i, j. Let 
ipij-. Ai/(fij) — > Aj/(fji) be the isomorphism of k-algebra associated to the isomorphism 
(frjilDjiDUj '■ Dji fl Uj —> D^ nUj. Then it is easy to show the equality 



A 




ipij(ai mod (fij)) = aj mod (fy) for all i ^ j 
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the restriction i/\xi is a closed embedding for any 1 < % < m and Spec A has normal 
crossing singularities at all closed points. □ 

Next, we consider the descent of invertible sheaves. 

Proposition 2.8. Let X be an n- dimensional snc variety with the irreducible decompo- 
sition X = U™ ! Xi which has a unique minimal stratum. We also let X^ := Xi fl Xj 
(scheme theoretic intersection) for any 1 < i < j < m. Then we have an exact sequence 

m 

0->Pic(*) A0PicpQ) A Pic(Xij), 

i=l l<i<j<f" 

where rj is the restriction homomorphism and 

■■={'Hi\x ij ®'H]\ Xij ) i<j . 

Proof. Let Xi := [_} % j =1 Xj C X for any 1 < % < m. Then it is easy to show that both 
Xi and Xi fl Xi + \ are snc varieties and have a unique minimal stratum. Since units of 
structure sheaves form an exact sequence 

1 o* Xi+l x 0^ -> e^ nXi+i -> 1 

of sheaves of Abelian groups, which induces a long exact sequence 

1 ->■ k*^k*xk*4 k* 

-)• Pic(Ai + i) 4 Pic(X m ) © Pic(^) -> Pic(^ n 

Here A^, and X i+1 are all connected. The map A above is injective since v is 

surjective. In particular, 77 is injective. 

It is obvious that ji o rj = 0. Assume that (7ii)i G Q^ =1 Pic(A,) satisfies /i = 0. 

We will construct an invertible sheaf G Pic(A' i ) for any 1 < i < m by induction such 
that 

• Ci\ Xl - Hi and 

• AU_i - (if « > 2). 

If i = 1, then C\ must be (isomorphic to) Hi. Assume that we have constructed 
£1, . . . , Li. Since 

Pic(# i+1 ) -)• Pic(X m ) © Pic(^) -)• Pic(^ n 

is exact, it is enough to show C-i\xiV\x i+x — Hi+i\xinx t+1 to construct We already 

know that the natural sequence 

i 

->■ Pic(Xi n 4 Pic(A^ +1 ) 

i=i 
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is exact since Xi fl X i+ i has a unique minimal stratum. Both Ci\x in x i+1 and / Hi+i\x i nx i+1 
map k to {fij\xj ti+1 )ji thus we can construct C i+ i. 

Therefore we obtain an invertible sheaf C m G Pic(X) such that £\x t — Hi for any 

1 < i < m. Thus T)(C m ) = (H^i- □ 

2.2. Snc Fano varieties and log Fano manifolds. We shall define simple normal 
crossing Fano varieties and log Fano manifolds. 

Definition 2.9 (snc Fano varieties and log Fano manifolds). (1) A projective snc va- 
riety X is said to be a simple normal crossing Fano variety (snc Fano variety, for 
short) if the dual of the dualizing sheaf lu x is ample. 
(2) A projective log manifold (X, D) is said to be a log Fano manifold if — (K x + D) 
is ample. 

Example 2.10 (See also Proposition 14. ip . Let (X,D) be a one-dimensional log Fano 
manifold. Then X ~ P 1 and D is either one point or empty, since < deg(— (Kx + D)) = 

2 — 2g — deg-D holds for the genus g of X. Therefore, if X is a one- dimensional snc Fano 
variety, then X is isomorphic to either smooth or reducible conic. 

We also define the index and pseudoindex for a simple normal crossing Fano variety 
and also for a log Fano manifold; whose notion is essential in the paper. 

Definition 2.11 (index). (1) Let X be an snc Fano variety. We define the snc Fano 
index of X as 

max{r G Z >0 | u x ~ C® r for some C G Pic(X)}. 

(2) Let (X, D) be a log Fano manifold. We define the log Fano index of (X, D) as 

max{r G Z>o | —(Kx + D) ~ rL for some Cartier divisor L on X}. 

Definition 2.12 (pseudoindex). (1) Let X be an snc Fano variety. We define the 
snc Fano pseudoindex of X as 

min{deg c (a;^.|c) \ C C X rational curve}. 

(2) Let (X, D) be a log Fano manifold. We define the log Fano pseudoindex of (X, D) 
as 

min{( — (Kx + D) ■ C) \ C C X rational curve}. 

Remark 2.13. For an snc Fano variety X (resp. a log Fano manifold (X,D)), the snc 
Fano pseudoindex (resp. the log Fano pseudoindex) i is divisible by the snc Fano index 
(resp. the log Fano index) r by definition. In particular, i > r holds. 
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Remark 2.14. Let X be an n-dimensional snc Fano variety with the snc Fano index r, 
the snc Fano pseudoindex i and £ be an invertible sheaf on X such that uj y x ~ C® r holds. 
Then (X, D) is an n-dimensional log Fano manifold such that — (Kx + D) ~ rL holds, 
where (X, D) C X is an irreducible component with the conductor and L is a divisor 
corresponding to the restriction of C to X. It is easily shown by Remark 12.51 Hence the 
log Fano index of (X, D) is divisible by r and the log Fano pseudoindex of (X, D) is at 
least i. 

2.3. First properties of log Fano manifolds. We quickly give some properties about 
log Fano manifolds. 

Theorem 2.15 f |Mae861 Theorem 1.3, 1.4], |KM98l Theorem 3.35]). Let (X, D) be a log 

Fano manifold. Then NE(X) is spanned by a finite number of extremal rays. Further- 
more, for any extremal ray R C NE(X), we have: 

• The ray R is spanned by a class of rational curve C on X . 

• There exists a contraction morphism contij : X — > Y associated to R and there 
exists an exact sequence 

. contn . , (•■C) 

Pic(Y) ^ Pic(X) ^-4 Z. 

Lemma 2.16 QMae86, Corollary 2.2, Lemma 2.3]). Let (X,D) be a log Fano manifold. 
Then Pic(X) is torsion free. Furthermore if k = C, the homomorphism 

Pic(X) ^# 2 (X an ;Z) 

is isomorphism. 

Remark 2.17. Let (X, D) be a log Fano manifold, r be a positive integer and L be 
a divisor on X such that —(Kx + D) ~ rL. Then L is uniquely defined up to linear 
equivalence by X, D and r by Lemma [2. 161 

Remark 2.18. Let X be an snc Fano variety. Then Pic(X) is torsion free by Lemma 
I2.16[ Theorem 12.201 ([2]) and Proposition 12.81 Hence we can also say the following: For an 
snc Fano variety X, r a positive integer and £ an invertible sheaf such that oS^ ~ £® r , 
C is uniquely defined up to isomorphism by X and r. 

Proposition 2.19. Let (X,D) be a log Fano manifold with p(X) = 1 and D^O. Then 
X is a Fano manifold whose Fano index (resp. Fano pseudoindex) is larger than the log 
Fano index (resp. the log Fano pseudoindex) of (X,D). 

Proof. Since — K x ~ — (K x + D) + D and D is ample (we note that p(X) = 1), the 
assertions are obvious. □ 
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Theorem 2.20 (cf. |Mae86} Lemma 2.4]). (1) Let(X,D) be a log Fano manifold such 
that the log Fano index is divisible by r (resp. the log Fano pseudo index > l) . Then 
D is a (connected) snc Fano variety and the snc Fano index is also divisible by r 
(resp. the snc Fano pseudoindex > l). 
(2) Let X be an snc Fano variety. Then there is a unique minimal stratum of X . In 
particular, any two irreducible components of X intersect with each other. 

Proof. ([T]) We know that D is connected by [Mae86[ Lemma 2.4 (a)]. Let L be a divisor 
on X such that -(K x + D) ~ rL. Then uj w d ~ O x (-(K x + D))\ D ~ (O x (L)\ D )® r by 
adjunction. 

(|2i) We can prove by using the same idea in |Mae86} Lemma 2.4 (a')]. We remark that 
this is directly shown by |Amb03t Theorem 6.6 (ii)] and |Fjn09 , Theorem 3.47 (ii)]. □ 



Corollary 2.21. For an n-dimensional snc Fano variety X with the snc Fano pseudoin- 
dex i, the number of irreducible components of X is at most n + 2 — i. 

Proof. We can assume X is reducible since the assertion is well-known for the irreducible 
case by [Mor79j. We prove by induction on n. If n = 1, then X is isomorphic to a 
reducible conic (see Example I2.10p . Hence the assertion is obvious. 

Now, we assume that the assertion holds for the case n — 1. We know that any two 
irreducible components of X intersect with each other by Theorem 12.201 (|2"1) . Therefore, 
for any irreducible component with the conductor (X, D) C X, the number of irreducible 
components of X minus one is equal to the number of irreducible components of D. We 
note that D is an (n — l)-dimensional snc Fano variety such that the snc Fano index is at 
least i by Remark 12.141 and Theorem 12.201 (ITT). The number of irreducible components of 
D is at most n+ 1 — i by induction step. Therefore the number of irreducible components 
of X is at most n + 2 — l. □ 

By Theorem 12.201 (J2J), we also obtain the following corollary using Theorem 12.71 and 



Proposition 12.81 

Corollary 2.22. Fix n, r, m G Z >0 . Let (Xj, Di) be an n-dimensional log Fano manifold 
whose log Fano index is divisible by r for any 1 < i < m. Assume that the irreducible 
decomposition is written as = Ylj^i i<j< m ^ij for any 1 < i < m, and there exist 
isomorphisms 

for all distinct 1 < i, j < m which satisfy the cocycle conditions ([I]) and (|2J) in Theorem 
\2. 7[ Then there exists an n-dimensional snc Fano variety X with the snc Fano index is 
divisible by r whose irreducible decomposition can be written as X = U™ x pQ, Dj). 
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Nowadays, thanks to the recent progress of minimal model program, we also know the 
following results. 

Theorem 2.23 ( |Zha06[ Theorem 1]). Let (X,D) be a log Fano manifold. Then X is 
a rationally connected variety, that is, arbitrary two closed points in X are joined by an 
irreducible rational curve. 

Theorem 2.24 ( [BCHM101 Corollary 1.3.2]). Let (X, D) be a log Fano manifold. Then 
X is a Mori dream space [see [HKOOJ for definition). 

2.4. Bundles and subbundles. In this subsection, we recall some bundle structures. 
The following lemma is well-known. 

Lemma 2.25. Let X be an irreducible variety, D C X be an effective Cartier divisor 
and c be a nonnegative integer. Let ir : X — > Y be a P c -bundle such that tt\d'- D — >■ Y is a 
F c ~ 1 -subbundle. That is, tt is a proper and smooth morphism such that 7r _1 (y) ~ P c and 
( 7r |z?)^ 1 (?/) ^ isomorphic to a hyperplane section under this isomorphism for any closed 
point y EY . Then there exists a commutative diagram of Y -morphisms 

D — X 

I'D t-X 

Vy((k\d)JVd/x) ► ¥ Y (^O x (D)), 

3 

where 

• i is the inclusion map, 

• both ljj and ix are isomorphisms, 

• j is obtained by the natural surjection 

ir*O x (D) {-k\d)Md/x, 

where Md/x is the normal sheaf Od(D) . 
Furthermore, we have D 6 |0p(l)| under these isomorphisms, where Cp(l) is the tauto- 
logical invertible sheaf on Py(7r^(9x(-D))- 

Next, we consider Q c+1 -bundles and Q c -subbundles. 

Definition 2.26. Let tt: X — > Y be a morphism between irreducible varieties and c be 
a positive integer. We say that n: X — > Y is a Q c+1 -bundle if tt is a proper and flat 
morphism such that ir^ 1 (y) is (scheme theoretically) isomorphic to a hyperquadric in 

pc+2 

For a Q c+1 -bundle tt: X — > Y and an effective Cartier divisor D on X, we say that 
tt\d' D — > Y is a Q c -subbundle of n if (tt | z>) 1 (2/) is isomorphic to a hyperplane section 
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under the isomorphism ir 1 (y) ~ Q c+1 for any closed point y 6 Y. We note that the 
morphisms ir and tt\o is not needed to be smooth. (That is why we do not use the symbol 
Q but Q.) 

Lemma 2.27. Let X be an irreducible variety, D C X be an effective Cartier divisor, Y 
be a smooth variety and c be a positive integer. Suppose that 7r: X — > Y is a Q c+1 -bundle 
and 7i\o- D — > F is a Q c -subbundle. Then we have: 

(i) The natural sequence 

0^O Y ^ tt*O x (D) {ti\ d )Md/x -»- 

is exact. 

(ii) tt*Ox(D) and (7i\d)*Nd/x are locally free ofrankc + 3 andc + 2, respectively. In 
particular, P := F y (tt*O x (D)) is a F c+2 -bundle overY and H := Py((7r| d)Md/x) 
is a P c+1 -subbundle. 

(iii) The natural homomorphism 

n*n*O x (D) -+ O x (D) 

is surjective, and it induces a relative quadric embedding X ■=->■ P over Y . 

(iv) D is isomorphic to the complete intersection Xf]H in P under these embeddings. 

Proof. For any hyperquadric Q c+1 in P c+2 , 

h (Q c+ \O Qc+1 (l)) = c + 3, h 1 (Q c+ \O Qc+1 (l))=0 

holds. Hence we get the results of and ([n]) by cohomology and base change theorem. 

The surjectivity of the homomorphism in (fiTIj) is easily shown since 0g c +i(l) is generated 
by global sections. We can also show that this surjection induces a relative quadric 
embedding X > P. Thus we have shown ( TTTT|) . 

Similarly, we get a surjection 

{Ad)*{^\d)Md/x -»■ Nd/x 

and this gives a relative quadric embedding D H . Then the composition D > H C P 
is equal to D C X <^-> P by construction. 

Now we prove that -D = X D in P under these embeddings. Let p : P — > Y be the 
projection. We note that for any closed point y G Y there exists a unique hyperplane 
C p^ 1 (y) containing (7r | z?) — 1 (2/) . Indeed, if there exist two such distinct hyperplanes 
Hy, Hy C p~ l (y) containing (vr | (j/) , then (7r|z)) _1 (y) is contained in the reduced c- 
dimensional linear subspace Hy C\Hy, which is a contradiction. Let H° := |J y ey Hy c P- 
Then H° is the unique divisor of P which is a P c+1 -subbundle containing D. Therefore, 
H = H° and D = X nH, since D = X H H° by construction. □ 
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Lemma 2.28. Let X be an irreducible variety such that h}{X, Ox) = 0. 

(1) Let c be a nonnegative integer and p\ : X x P c — » X, p 2 : X x P c — > P c fre the 
projections. Then 

(2) Letc>2 and p 1 : X x Q c -> X, p 2 : X x Q c ->■ Q c 5e toe projections. Then 

(pi)MO Q 4l))^O x c+ *. 

Proof. We prove both assertions by induction on c. 

([TJ) The case c = is trivial. We assume that the assertion holds for the case: c — 1. 
There has the canonical exact sequence 

-> OXXPC ^^Cpc(l) -> (p 2 UxP-l)*C P c-l(l) -> 0. 

After taking (pi)*, the sequence 

-> C x -> (pi),(p5Ppc(l)) -> (piUxpe-x)*((P2UxP=-O*0 P c-i(l)) -)• 

is exact. We note that (pi|xxp c - 1 )*((P2|xxp c - 1 )*Cp c ' 1 (1)) — ^ ^he induction step. 
The sequence always splits since h l (X, Ox) = 0. Hence we have proved ([T]). 

(J2J) The case c = 2 is the direct consequence of (1) since Q 2 is isomorphic to P 1 x P 1 . 
We assume that the assertion holds for the case: c — 1. There has the canonical exact 
sequence 

-> Oxxqc ^p* 2 Q c(l) ->■ (p 2 |x X Q-0* c, Q c - 1 ( 1 ) -> 0. 
After taking (pi)*, we have the splitting exact sequence 

O x -> (pi),(p50qc(1)) 0® c+1 -> 

by repeating the same argument in the proof of ([[]). Hence we have proved (J2J). □ 

2.5. Facts on extremal contractions and its applications. In this section, we show 
the structure of the contraction morphism associated to a special ray using Wisniewski's 
inequality. First, we give a criterion for a smooth projective variety to have the Picard 
number one in Lemma [2730] Second, we give some delicate structure properties for special 
log Fano manifolds in Proposition 12.321 which is essential to prove Theorems 14.31 and 14.51 
We remember Wisniewski's inequality, which plays an essential role in this section. 

Theorem 2.29 (Wisniewski's inequality |Wis91aj ). Let X be an n- dimensional smooth 
projective variety and R C NE(X) be a Kx-negative extremal ray with the associated 
contraction morphism 7r: X — > Y. Then we have the inequality 

dimExc(Tr) + dimF > n + l(R) - 1 

for any nontrivial fiber F of n. 
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We give a criterion for a smooth projective variety X being p(X) = 1 using Theorem 

TM 

Lemma 2.30. Let X be an irreducible smooth projective variety, D C X be a prime 
divisor and R C NE(X) be a Kx-negative extremal ray with the associated contraction 
morphism 7r: X — > Y such that (D ■ R) > 0. 

(1) If the restriction morphism tt\d : D — > ir(D) is not birational, then ir is of fiber 
type, i.e., dimF < dimX holds. 

(2) Ifl(R) > 3, then tt\d : D —¥Y is not a finite morphism. Furthermore, if p(D) = 1 
holds in addition, then X is a Fano manifold with p{X) = 1 . 

Proof. (pP) If 7r is of birational type, then it is a divisorial contraction and the excep- 
tional divisor is exactly D, since tt\d '■ D — > tt{D) is not birational. However, we get a 
contradiction since (D ■ R) > 0. Hence ir is of fiber type. 

(J2J) Let us choose an arbitrary nontrivial fiber F of tc. We have D fl F ^ since 
(D ■ R) > 0. Then 

dim(F n D) > dimF - 1 > 1{R) - 2 > 1 

by Wisniewski's inequality (Theorem I2.29p . Hence F fl D contains a curve. Now, we 
assume that the Picard number of D is equal to one. Then 7r(D) must be a point since 
all curves in D are numerically proportional. Therefore 7r is of fiber type by (TO. If 
dimF > 1, then (D ■ R) = 0; hence Y is a point. In particular, p(X) = 1. Thus X is a 
Fano manifold since there exists a -fGf-negative extremal ray. □ 

We also show that there exists a 'special' i^x-negative extremal ray for a log Fano 
manifold with nonzero boundary, which is essential to classify some special log Fano 
manifolds. 

Lemma 2.31. Let (X,D) be a log Fano manifold with the log Fano index r and the log 
Fano pseudoindex i, L be a divisor on X such that —[Kx + D) ~ rL holds, and assume 
that D 7^ 0. Then there exists an extremal ray R C NE(Jf) such that (D ■ R) > 0. 
Let R be an extremal ray satisfying (D ■ R) > and n: X — > Y be the contraction 
morphism associated to R. Then R is always Kx-negative and l(R) > t+ 1. Moreover, 
the restriction morphism 

tt\ Di : D l -»■ 7r(£>i) 

to its image is an algebraic fiber space, that is, (t<'\d 1 )*Od 1 = O^), for any irreducible 
component D\ C D. Furthermore, for a minimal rational curve C C X of R, we have 
the following properties: 

(1) Ifl(R) =i + l, then (D-C) = 1. 
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(2) Ifl(R) = r + 2 and r > 2, then (L ■ C) = 1 and (D ■ C) = 2. 

Proof. The existence of such extremal ray is obvious, since D is a nonzero effective divisor 
and NE(X) is spanned by finite number of extremal rays. Let R C NE(X) be an extremal 
ray such that (D ■ R) > 0. Then R is K x -negative since (-K x ■ R) = (-(K x + D) ■ R) + 
(D-R)> 0. 

To see that ^Idx' D\ — > ff(Di) is an algebraic fiber space, it is enough to show that 
the homomorphism ~kJD x —> {t^\d 1 )*Od 1 is surjective. We know that the sequence 

n*O x -> (n\ Dl ),0 Dl -)• R^Oxi-Dx) 



is exact and R 1 ir i: Ox{— Di) = by a vanishing theorem (see for example |Fjn09 , Theorem 



2.42]). Hence tt\d 1 '■ D\ — > 7r(Z?i) is an algebraic fiber space for any irreducible component 
D x C D. 

Let C C X be a minimal rational curve of i?. Then we have 

l(R) = {-K x ■ C) = {-{K x + D) ■ C) + (D ■ C) > i + 1. 

If l(R) = 6 + 1, then the above inequality is exactly equal. Hence (D ■ C) = 1 holds. 
If l(R) = r + 2 and r > 2, then 

r + 2 = = r(L • C) + (D ■ C) > r + 1. 

Therefore (L ■ C) = 1 and (D ■ C) = 2 holds. □ 

Using Lemma I2.31[ we can show a delicate structure properties for certain log Fano 
manifolds. 

Proposition 2.32. Let (X,D) be a log Fano manifold of the log Fano index r, log Fano 
pseudoindex i and assume that D^O. Pick an arbitrary extremal ray R C NE(Jf) such 
that (D ■ R) > and let it: X — > Y be the contraction morphism associated to R. Let F 
be an arbitrary nontrivial fiber of it. Then dim(D fl F) > i — 1 holds. Furthermore, we 
have the following results. 

(i) If dim(D PI F) — i — 1 for any nontrivial fiber F , then it: X -^-Y is a W L -bundle 
and 7t\d' D — >■ Y is a W^-subbundle. 

(ii) If r > 2 and there exists an irreducible component D\ of D such that dim(£>i D 
F) = r for any F , then one of the following holds. 

(a) Y is a smooth projective variety and n is the blowing up along an irreducible 
smooth projective subvariety W C Y of codimension r + 2. 

(b) Y is smooth, n: X Y is a Q r+1 -bundle and tt\d 1 - -Di — >■ Y is a Q r - 
subbundle (cf. Definition 1 2. 26} . 

(c) 7r: X — > Y is a P r+1 -bundle and ii\ Dl : D\ — >■ Y is a W ' -subbundle. 
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(d) tt*Ox(L) is locally free of rank r + 2, where L is a divisor on X such that 
— (Kx + D) ~ rL. Furthermore, tt: X — > Y is isomorphic to the pro- 
jection p: Fy{tt*L) — > Y and (7r | z?i ) 1 (?/) is a hyperquadric section under 
the isomorphism TT^ 1 (y) ~ p^+i f or any closed point y e Y . Moreover, 
ir^OxiL) ~ (p|z>i)*(Cp(l)|£) 1 ) under the isomorphism. 

Proof. Let L be an ample divisor on X such that —(Kx + D) ~ rL and C be a minimal 
rational curve of R. We note that D and F intersect with each other since (D ■ R) > 0. 
Hence 

(1) dim(DnF) > dimF-1 > dimX-dimExc(7r) + l(R) -2 > l(R)-2 > t-1 > r-1 

by Wisniewski's inequality (Theorem I2.29j) and by Lemma [2.311 

First, we consider the case (JI|). Then dimExc(7r) = dimX and l(R) =4+1. Hence 
tt is of fiber type, all fibers of tt are of dimension l, and the equalities (D • C) = 1 
and (—Kx ■ C) = 6 + 1 hold by Lemma [2.311 Therefore tt: X — > Y is a P'-bundle and 
tx\ d : D -> Y is a F-^subbundle by |Fjt87[ Lemma 2.12]. 



Next, we consider the case ([n]). We first show that (Di ■ R) > 0. If not, any nontrivial 
fiber F is included in D\ (in particular, tt is of birational type). Then Wisniewski's 
inequality (Theorem 12.291) and Lemma 12.311 shows that 

dimExc(7r) + r > dimX + l(R) - 1 > dimX + i. 

Hence tt is of fiber type, this leads to a contradiction. Consequently, we have (Di-R) > 0. 

We first assume that dimExc(7r) < dimX. Then dimExc(7r) = dimX — 1 and l(R) = 
r+1 by substituting Di for (JTJ) . Hence tt is a divisorial contraction such that dimF = r+1 
for any F, and the equality (D ■ C) = 1 holds by Lemma [2.311 (pP). Thus, F is a smooth 
projective variety and 7r is the blowing up whose center W C Y is a smooth projective 
subvariety of codimension r + 2 by |AW931 Theorem 4.1 (iii)]. Therefore the condition 
fliiap is satisfied in the case dimExc(7r) < dimX. 

We second consider the case where dimExc(7r) = dimX, that is, tt is of fiber type. We 
note that l(R) = r + 1 or r + 2 by CQ). 

We consider the case where tt is of fiber type and l(R) = r + 1. Then dim F = r + 1 for 
any fiber and the equalities (D\ ■ C) = 1 and (—Kx ■ O) = r + 1 hold by (pQ) and Lemma 
12.311 ([I]). Thus 7r*(9x(-Di) is locally free of rank r + 3 and X is embedded over Y into 
Py(7r*Cx(-Di)) as a divisor of relative degree 2 by [ABW931 Theorem B]. Therefore the 
condition (liibl) satisfied in the case dimExc(7r) = dimX and l(R) = r + 1. 

We consider the case where tt is of fiber type and l(R) = r + 2. Then (L • C) = 1 and 
either (Di ■ C) — 1 or 2 holds by Lemma 12.311 Thus 7r : X — >• K is isomorphic to the 
P r+1 -bundle F y (tt*O x (L)) by [Fjt87l Lemma 2.12]. If (A-C) = 1, then tt| Di : D l -»■ F is 
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a P r -subbundle. Therefore the condition (luc|) satisfied in the case dimExc(7r) = dimX, 
l(R) = r + 2 and (D 1 ■ C) = 1. 

Finally, we consider the remained case where n is of fiber type, l(R) = r + 2 and 
pi • C) = 2. Under the isomorphism X ~ Fy{tt*Ox{L)), we have a natural exact 
sequence 

Op(l)(-Di) Op(l) P (l)| Ol ->• 0, 

where 0p(l) is the tautological invertible sheaf on Py (7r*OxP))- After taking p*, we 
also obtain an exact sequence 

by cohomology and base change theorem, since h l (F r+1 , 0{— 1)) = holds for i — 0, 1. 
Therefore the condition (liidj) satisfied in the case dimExc(7r) = dimX, l(R) = r + 2 and 
pi • C) = 2. □ 

2.6. Properties on scrolls. In Section [276| we consider special toric varieties which are 
the projective space bundles of which splits into invertible sheaves over projective spaces, 
so called the Hirzebruch-Kleinschmidt varieties. During Section 12.6} we fix the notation. 

Notation 2.33. Let s, t be positive integers and a , . . . , a t be integers with = a < 
a\ < ■ ■ ■ < Of. Let 

X:=P[P s ;a ,...,a t ], 

that is, 

X = F F s(O(a ) ® ■ ■ ■ ® 0(a t )). 

We also let 

Di := P[P S ; ao, ... , ai-i, a i+1 , ...,a t ] C ca „ X = P[P S ; a , . . . , a t ], 

that is, the embedding is obtained by the canonical projection, for any < i < t. (See 
Notation and terminology in Section [TJ) 

Lemma 2.34. We have the following properties. 

(1) Pic(X) = Z[0(1; 0)] © Z[O(0; 1)]. 

(2) C* x (-K x )~0( S + l-E-=ia i; t + 

(3) A G |C(-ai; 1)| for any0<i<t. 

(4) deg c . / (C , (w; u)|c>) = v and deg Ch (0(u; v)\c h ) = u, where Cf is a line in a fiber of 
X -> F s and C h is a line m P[P S ; a ] C can X = F[F S ; a , . . . , a t }. 

(5) Nef(X) = R> [0(l;0)]+R>o[0(0; 1)] andES(X) = R> [O(l; 0)]+R> [O(-a t ; 1)]. 
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(6) For a divisor D = Yll=i c iDi + dH with Ci,d G Z ; where H is the pullback of a 
hyperplane in F s , the value h°(X,Ox{D)) is exactly the number of the elements 
of the set 



{P 1 ,...,P s ,Q 1 ,...,Q t ) e Z 



i 

E 

3=1 



Qj > 0, Qi > -a {l<i< t), 



i=i j=i j 

(7) If there exists an effective divisor D on X with D e \0(k; 1)| such that k < —(h-\ 
holds, then D always contains D t as an irreducible component. 

(8) If a member D e \0(k; 2)| is reduced, then k > —a t — a t -\. 

(9) Assume that a t _ 2 < a t . Then any effective and reduced divisor D on X with 
D G \0{— 04— a,t-i\ 2)| is decomposed into two irreducible components D l and D t ^ 1 
such that D* ~ D t and D l ~ l ~ Dt-x : here D f = D t if at-i < a t . Furthermore, 
after taking an automorphism of X overF s , D l and D l ~ l can move D t and D t _i, 
respectively. 

Proof. Since (11])-© are well-known, we shall prove ((TJ) — (JOJ) - We note that the total 
coordinate ring of X is the Z® 2 -graded polynomial ring 

k[x ,...,x s ,yo,...,y t } 

with the grading 

degXi = (1,0), degyj = (-a^, 1). 

First, we consider (J7|). A defining equation of D is expressed as a linear combination of 
the monomials 

s 

ytU x ? 1 

i=0 

with Y2i=o m i = k + a t , since k < a t _\. Thus D contains a component of the subvariety 
defined by yt — 0, which is nothing but D t . 

Next, we consider (jSJ). If < — a t — a t -i, then a defining equation of D is expressed as 
a linear combination of the monomials 

s 

2 1 I mi 

!/t 11 x i 

t=0 

with Xli=o m * = ^ + 2a 4 . Therefore D must be nonreduced since £> — 2D 4 is an effective 
divisor. 
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Finally, we consider (jSJ). If at-i < a t , then a defining equation of D is expressed as a 
linear combination of the monomials 



with Yli=o m i = a t — O't-i and 



x i 

t=0 



with 1 < j < I, where I is the number of the elements of the set {1 < j < t— 1 | aj = a t _i}. 
Then D has a component of the subvariety defined by yt = 0, which is nothing but D t . 
We can also show that Z)* 1 : — £) — is irreducible if .D is reduced and D t 1 ~ Dt_\. 
If at_2 < at-i = at, a defining equation of .D is expressed as a linear combination of 
monomials 

vt-u Vt-iVt and y t 2 . 

Hence D has exactly two irreducible components D l and D t_1 such that D l ~ ~ 
D t _i) since .D is reduced. The existence of an automorphism a of X over p: X — > P s 
such that a(.D*) = D t and o^/}*" 1 ) = -D<-i is easy in either case by a simple linear- 
algebraic argument. □ 

Corollary 2.35. Let D be a member of D <E \0(c; d)\ for some d > 0. Assume that (X, D) 
is a log Fano manifold such that the log Fano index is r and the log Fano pseudoindex is 
l. 

(1) If L > t, then d = 1, t = l and s > i — 1 holds. Furthermore, if s = i — \, then 
<2i = • • • = a t _i = and c = — a t . 

(2) If r > t (hence i > t holds), s = r and r > 2, then we have r = i and either 
(ai, . . . , a r _ 2 , a r _i, c) = (0, . . . , 0, 0, 1 — a r ) or (0, ... , 0, 1, — a r ) holds. 

Proof. By Lemma [27341 (12]) . 

Hence t + 1 — d > l by Lemma 12.341 (jl}. Thus d = 1 and t = i if i > t holds (resp. d = 1 
and i = i = rifr>£ holds). We also note that s + 1 — $TJi=i — c is at least i and is a 
positive multiple of r and c > — a v . Hence s > i — 1 + 57Ji=i Oj > i — 1. 

((TJ) If s = t — 1, then t — X^i=i a « — 1 + c — 1 ~ a i- Therefore Y^i=i a i = an d c = ~ a i 
hold. 

(P2J) If s = r and r > 2, then r + 1 — ^TJi=i — c is divisible by r and 57J^ =1 cti + 
c > 5TjI=i a « — 0- Hence ^7Ji=i a « + c = 1- Therefore either (a\, . . . , a r _2, a r -i, c) = 
(0, . . . , 0, 0, 1 - Or) or (0, ... , 0, 1, -ar) holds. □ 
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Corollary 2.36. Let r := t — 1 with r > 2 and D be a member of D G |C?(c;d)| for 
some d > 0. Assume that (X,D) is a log Fano manifold such that the log Fano index 
is divisible by r. Then we have d = 2 and s > r — 1. Furthermore, if s = r — 1, then 



Thus we have d = 2 since r + 2 — d is a positive multiple of r and r > 2. We also know 
that s > r — 1 + X][=i «i + c>r — 1 + ^[=i a « — r — 1 D Y Lemma 12.341 ([S]) . Furthermore, if 
s = r — 1, then r — YH=i a i — r + c> r — a r — a r+ \. Therefore we complete the proof. □ 



In this section, we give some examples of log Fano manifolds with large log Fano indices. 

3.1. Example of dimension 2t— 1 and log Fano (pseudo)index i. First, we consider 
the case ([I]) in Corollary 12. 35[ which is the important example of (2i— l)-dimensional log 
Fano manifold with the log Fano (pseudo)index l (See Theorem 14. 3p . 



Example O. Let t > 2, m > 0, 

x = p[p-i. o', m] and D e |0(-m; 1)|. 

We know that 0(1; 1) is an ample invertible sheaf and O x {-{K x + D)) ~ 0(1; l)® 1 . 
If m > 0, then D is unique and D = PpP^jO 1 ] C can X = PpP 1 " 1 ; l , m] by Lemma 



If m — 0, then X = P t_1 x P l and L> G |C pi .-i xpt (0, 1)|. Hence any member D G 
|Op4-i x pt(0, 1)| is always an irreducible smooth divisor and can move P[P t ~ 1 ;0 i '] C can 
P[P t_1 ; L ,m] after taking an automorphism of X over P t_1 . We note that the dimension 
of |Op t -i x pt(0, 1)| is equal to t by Lemma [2.341 

Therefore (X, D) is a (2t — l)-dimensional log Fano manifold with the log Fano index 
i and the log Fano pseudoindex i for any D G \0(—m; 1)|. 

3.2. Examples of dimension 2r and log Fano index r. Next, we give examples of 
2r-dimensional log Fano manifolds with the log Fano indices r (See Theorem I4.5p . 

Example I. Let X := Blpr-2 P 2r P 2r , that is, the blowing up of P 2r along a linear 
subspace P r_2 of dimension r — 2. Let E C X be the exceptional divisor. Consider 
the linear system |Bl*0p2r(l) ® Ox{— E)\. It is easy to show that the linear system 
is of dimension r + 1 and any element D in the system is the strict transforms of a 



a\ — • ■ ■ — a r -\ = and c = —a r — a r+ \. 



Proof. We repeat the argument similar to Corollary 12.351 By Lemma 12.341 (j2J) 

/ r + 1 \ 




3. Examples 



EMI©- 
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hyperplane in P 2r containing the center of the blowing up. In particular, D is irreducible 
and smooth. The invertible sheaf H := Bl* (9 P 2r(2) ® Ox{—E) is ample. We also know 
that Ox{—{Kx + D)) ~ 7-L® r . Therefore (X,D) is a 2 r- dimensional log Fano manifold 
with the log Fano index r for any D G | Bl* P 2r(l) ® |. 

Example II. Let X := P 7 "" 1 x P r+1 and .D is an effective divisor on X such that D G 
|Cpr-i xP r+i(0, 2)|. Then the dimension of the linear system is (r + 2)(r + 3)/2 — 1 and 
D is a simple normal crossing divisor if and only if D is the pull back of the smooth or 
reducible hyperquadric in P r+1 . In particular, a general element in the linear system is a 
simple normal crossing divisor. Let % : = 0pr-i x pr+i(l, 1). Then H is an ample invertible 
sheaf on X and Ox{—{Kx + D)) ~ T-L® T . Therefore (X, D) is a 2r-dimensional log Fano 
manifold with the log Fano index r for any simple normal crossing D G |0pr-i x pH-i(O, 2)|. 

Example III. Let 

X := PpP p-1 ;0 r s mi,77i 2 ] 
with < mi < ni2 and 1 < m,2, and D is an effective divisor on X such that D G 
\0(—mi — m 2 ; 2)|. All reduced elements in this linear system can be seen the sum of 

P[F- 1 ;O r ,mi], P[P r - 1 ;O r ,m 2 ] C can X = PpT" 1 ; r , m u m 2 ] 

after taking an automorphism over P r_1 by Lemma 12.341 (Q. In particular, this must 
be a simple normal crossing divisor. We note that the dimension of the linear system 
\0{—rri\ — m 2 ;2)| is equal to 

2 (mi = m 2 ) 

PJT'l+r-l (m 1 = 0) 
f-Tr 1 ) (0 < m x < ma) 

by Lemma [2.341 ([6]). Let "H := C(l; 1). Then % is an ample invertible sheaf on X and 
Ox{—{Kx + -D)) ~ 'H (glr . Therefore (X,D) is a 2r-dimensional log Fano manifold with 
the log Fano index r for any reduced D G \0{—m\ — m 2 ; 2)|. 

Example IV (See also Remark 13. II) . Let 

E := P[P r - 1 ; r+1 ] C can X' := PfP^ 1 ; r+1 , m] 

with m > 0. We note that i£ ~ p* - - 1 x P r . Consider a smooth divisor B in X' with G 
|O(0; 2) | such that the intersection BnE is also smooth. We note that the homomorphism 

H°{X',O{0;2)) ^ H°(E,O{0;2)\ E ) 

is surjective since H 1 (X',O(0]2)(—E)) = by Kodairs's vanishing theorem. Hence 
general B G |C(0;2)| satisfies this property. We also note that the dimension of the 
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linear system |0(O;2)| is equal to 



{ r-1 J +( 




+ 



(r + l)(r + 2) 
2 



- 1 



by Lemma [2.341 ([6]). Let r: X — > X' be the double cover of X' with the branch divisor 
B, and D be the strict transform of E on X. Then X is smooth and D ~ p*-- 1 x Q r by 
construction. We know that O x (-K x ) - t*(O x >(-K x ,)®O(0; -1)) ~ r*0(r-m;r + 2) 
and O x (D) ~ r*C(— m; 1). Let H := r*C(l; 1) an ample invertible sheaf on X. Then 
O x {— (K x + D)) ~ T-L® r . We also note that % cannot be divisible by any positive number 
larger than one by Remark 13. 11 Therefore (X, D) is a 2r-dimensional log Fano manifold 
with the log Fano index r. 

Example V (See also Remark 13. 2p . In this example, we consider the case r > 3. Let 



with m > 0. We note that D is isomorphic to P r_1 x Q r . We also note that there exists 
a unique element in \D\ if m > 0. If m = then X = P r x Q r and 6 |CV X Qr(l, 0)| 
hence the dimension of the linear system \D\ is equal to r; any element in \D\ defines 
a smooth divisor in X. Let "H := 0(1; 1). We can show that % is an ample invertible 
sheaf on X provided that m > 0, and O x (—(K x + D)) ~ l-i® r by an easy calculation. 
Therefore (X, D) is a 2r-dimensional log Fano manifold with the log Fano index r. 

Example VI. In this example, we only consider the case r = 2. Let 



with < mi < m2- We note that there exists a unique element in \D\ if m2 > 0. If 
mi = m 2 = then X = P 1 x P 1 x P 2 and D G |(9 P i xP i xP 2(0, 0, 1)| hence the dimension 
of the linear system \D\ is equal to 2; any element in |D| defines a smooth divisor. Let 
U ■= p*C P i xP i(l, 1) g> C P (1), where p: X ->• P 1 x P 1 is the projection and C P (1) is the 
tautological invertible sheaf with respect to the projection p. We can show that % is an 
ample invertible sheaf on X provided that < mi < m 2 , and O x (—(K x + D)) ~ H® 2 
by an easy calculation. Therefore (X, D) is a 4-dimensional log Fano manifold with the 
log Fano index 2. 



with m > 1. We first note that D is unique in its linear system |D| if m > 2. If m = 1 
then the dimension of \D\ is equal to r + 1. This is easy from the exact sequence 



D := P[Q r ; r ] C can X := P[Q r ; r , m) 



D := P plxP i(O e2 ) C can X := P P i xP i(O e2 © 0( mi) m 2 )) 



Example VII (See also Remark I3.3p . Let 



D := Ppr(Tpr) C can X := P P ,(T P , © C(m)) 



0^O x ^ O x {D) -> Md/x -> 
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and the fact Hd/x — CVxp<-(1 — m, 1)\ D under an embedding D C P r x P r of bidegree 
(1,1). We note that there exists an embedding X C Xi := P[P r ; l r+1 , m] obtained by the 
surjection a in the exact sequence 

-)• C P r -)• C(l)® r+1 4 Tpr -)• 0. 

Let % := O(0; 1) on Xi. Then "H is an ample invertible sheaf on X\ provided that m > 1, 
and satisfies O x (—(K x + -D)) — ("HU) 0r - Therefore (X, D) is a 2r-dimensional log Fano 
manifold with the log Fano index r. 

Example VIII. Let X := P r x P r and D is an effective divisor on X with D G 
|(9 P r xP r(l, 1)|. Then the dimension of the linear system is r(r + 2), any smooth ele- 
ment is isomorphic to Ppr(Tpr) and any non-smooth element is the union of the first and 
second pullbacks of hyperplanes. In particular, any D in the linear system |C?pr x pr(l, 1)| 
is a simple normal crossing divisor. Let H := (9pr xF r(l, 1). Then H is an ample invert- 
ible sheaf and Ox{—{Kx + D)) ~ %® r . Therefore (X,D) is a 2r-dimensional log Fano 
manifold with the log Fano index r for any D e |0 F r x pr-(l, 1)|. 

Example IX. Let 

X := P[P r ;O r , 1]. 

We can view X as the blowing up of P := P 2r along a linear subspace H C P of dimension 
r — 1. Let 0: X — >■ P be the blowing up and E be the exceptional divisor of 0. Then 

£ = P[P r ;O r ] C can X = P[P r ;O r ,l]. 

Let D be an effective divisor such that D G |(9(0;1)|. Any smooth element in the 
linear system |C(0; 1)| corresponds to the strict transform of a hyperplane in P which 
does not contain H. Any non-smooth element in the linear system |0(O;1)| can be 
written as E + D Q , where D is the strict transform of a hyperplane in P which contains 
H. In particular, any divisor in the linear system \O(0] 1)| is a simple normal crossing 
divisor. We also note that the dimension of the linear system \O(0; 1)| is equal to 2r. Let 
n := 0(1; 1). Then U is an ample invertible sheaf on X and O x {-(K x + D)) ~ U® r . 
Therefore (X, D) is a 2r-dimensional log Fano manifold with the log Fano index r for any 
De |O(0;l)|. 

Example X. Let 

X := PpP r ;O r -\l,m] 

with m > 1 and D is an effective divisor on X with D G |C)(— m; 1)|. If m > 2, then D 
is unique in the linear system \0(— m\ 1)| and must be equal to the subbundle 

XP[P r ;O r -\l] C can X = PpP r ;O r - 1 ,l,m]. 
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If m = 1 , then the dimension of the linear system is equal to 1 by Lemma 12.341 (J6j) , 
and it is easy to show that any element is smooth and can be also seen the subbundle 
obtained by the above canonical projection after taking an automorphism of X over P r . 
In particular, any D G \0(— m;l)\ is a smooth divisor. Let % '.— 0(1; 1). Then H is 
an ample invertible sheaf on X and Ox{ — [Ex + D)) ~ l-i® r . Therefore (X,D) is a 
2r-dimensional log Fano manifold with the log Fano index r for any D G \0{— m; 1)|. 

Example XL Let 

X := P[P r ;O r ,m] 

with m > 2 and D is an effective divisor on X such that D G \0(—m + 1; 1)|. We note 
that D always has the support 

D := P[P r ; r ] C can X = P[P r ; r , m] 

by Lemma [2.341 (JTj). Furthermore, D — Dq is the pull back of a hyperplane in P r by the 
projection p: X — > P r . Therefore any D G \0(—m + 1; 1)| is a simple normal crossing 
divisor. We also note that the dimension of the linear system \0{— m + 1; 1)| is equal to 
r by Lemma [2.341 ([6]). Let H := 0(1; 1). Then % is an ample invertible sheaf on X and 
Ox(—{Kx + D)) ~ 1-L® r . Therefore (X,D) is a 2r-dimensional log Fano manifold with 
the log Fano index r for any D G \0(—m + 1; 1)|. 

Now, we state some remarks about these examples. 

Remark 3.1. In Example IIVI the homomorphism 

t*: Pic(X') -> Pic(X) 

is an isomorphism. In particular, p(X) = 2. 

Proof. We can assume k = C. For the case m = is obvious since X ~ x Q^+i. 
We consider the case m > 0. Let R G X be the ramification divisor of r. We know 
that the linear system \O(0; 1)| in X' gives a divisorial contraction morphism /: X' — > Q 
contracting E ~ P r_1 x P r to P r . We note that B C X' is the pull back of some ample 
divisor Ac Q. Thus H^X' \ Bf n ; Z) = for all % > 2r + r - 2 by [GM881 p.25, (2.3) 
Theorem] for the proper morphism f\x'\B'- X' \ B — > Q \ A to an afline variety. Thus 
H l c ((X' \ £>) an ; Z) = for alH < r + 2 by Poincare's duality. We know that there exists 
an exact sequence 

Hl((X' \ Bf n - Z) -> H 2 ((X'f n \ %) ^ H 2 (B an ; Z) -)• i/ 6 3 ((X' \ 5) an ; Z). 

Thus a is an isomorphism. Applying the same argument to the composition for: X — > 
Q, we obtain the isomorphism H 2 (X an ;Z) ^ H 2 (R an ;Z) ~ H 2 (B an ;Z). Therefore 
H 2 ((X') an ; Z) ~ H 2 (X an ; Z). Therefore Pic(X') ~ Pic(X) by LemmaEM □ 
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Remark 3.2. If m < 0, then (X, D) never be a log Fano manifold in Example IVl 

Proof. Let S := P[Q r ; m] C can X = P[Q r ; r , m], the section of the projection p: X ->■ Q r . 
Then £> X (-(K X + D))| fl ~ Q r(r(m + 1)). Therefore -{K x + D) never be ample. □ 

Remark 3.3. If m < 1, then (X, D) never be a log Fano manifold in Example IVHI 

Proof. Let 

5 := Ppr(0(m)) C can X = P P r (T P , © O(m)). 

Then Ox{— {Kx + -D))|s ~ Opr(mr). Therefore —(Kx + -D) never be ample. □ 

Remark 3.4. For Examples U [HI Ell El El ED EH [VTTT1 El KJ KH two varieties X x 
and X 2 are not isomorphic to each other for any two (Xi,Di) and (X2,D 2 ) if either of 
the following holds: 

• (Xi,Di) and (X 2 ,D 2 ) are in different example boxes. 

• (Xi,Di) and (X2,D 2 ) are in a same example boxes but the parameters m or 
(mi,m 2 ) are distinct. 

We also note that any X in these examples is unique up to isomorphism except for 
Example IIVI 

We tabulate these examples in Section We will show in Theorem 14 . 5 1 that these are 
the all examples of 2r-dimensional log Fano manifolds (X, D) wih the log Fano indices 
r > 2, D ± and p(X) > 2. 

4. Theorems 

In this section, we state the main propositions and theorems of classification results. 

4.1. Log Fano manifolds of del Pezzo type. First, we give the classification result of 
n-dimensional log Fano manifolds (X, D) with the log Fano indices r > n — 1 . The case 
D = is well-known as del Pezzo manifolds (see for example [Fjt90, I §8]), hyperquadric 
or projective space (see (K073J). Hence we consider the case that D^O. We note that 
the case (n, r) = (2, 1) has been classified by Maeda [Mae86[ §3]. We treat the log Fano 
pseudoindex instead of the log Fano index. 

Proposition 4.1. Let (X,D) be an n- dimensional log Fano manifold with the log Fano 
pseudoindex t and assume D is nonzero. Then i < n. If l = n, then X ~ P™ and D is a 
hyperplane section under this isomorphism. 

Proof. Assume that i > n. Choose an extremal ray R with a minimal rational curve 
[C] e R such that (D ■ R) > 0. Then l(R) > n + 1 by Lemma I23T1 We know that 
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Table 1. The list of 2r-dimensional log Fano manifolds (X,D) with the 
log Fano indices r > 2, p(X) > 2 and nonzero boundaries 



No. 


X 




m 


Blpr-2 P 2r 


Blpr-2 P 2r " x with 

pr-2 c p2r-l c p2r 


mi 


pr-1 x pr+1 


pr-1 x Qr 


pr-1 x pr u pr-1 x pr 


[ED 


P[P r - 1 ;0 r ,mi,m 2 ] 
with < rrii < 1 < m2 


PpP"- 1 ; r , mi] U P[P r - x ; r , m 2 ] 




the double cover of 
P[P r - 1 ;O r+1 ,m] (m > 0) with 
the smooth branch B G 0(0; 2) 


the strict transform of 

pppr-l. r+l] (~ pr-1 x Qr). 

smooth 


IT71 


(r > 3) P[Q ; , m\ with m > 


; o ](— Jr X Vj 


Fv rrl 
IV 11 


(r = 2) Fpi xP i(U w © U(mi,m 2 JJ 
with < mi < m 2 


TTD //^(B2\/~, TTI)1 TTDl w TCDl\ 

lrpi x pi(C/^ Jr x Jr x F j 


|VII| 


Pp,(T P r © C(m)) with m > 1 


IPpr (Tpr J 


Ivml 


pr x pr 


Ppr(Tp.) g |0(l, l)| 


pr-1 x pr y pr x pr-1 


El 


P[P r ; r , 1] 


P[P r ;0 r - 1 , 1](~ Bl P r- 2 P 2 ^ 1 ) 


p[pr ;Q r] uP[P r " 1 ;0 r , 1] 


m 


P[P r ;0 r -\l,m] with m > l 


P[P r ;0 r - 1 ,l](~ Blpr-aP 2 ^ 1 ) 




P[P r ; r , m] with m > 2 


P[F;0 r ]UP[P M ;0 r ,m] 



[T] D is the strict transform of a hyperplane in P 2r which contains the center. 

HJJ D G 1 0(0, 2)|. The upper column is smooth and the lower is reducible. 

IHII Both components of D to X are obtained by the canonical projections. 

US PpP"- 1 ; r+1 ] C can PpP"- 1 ; r+1 , m]. We request that both B and B n P[P r - 1 ; r+1 ] 
are smooth. 

ED, IVTl ETJl IXl The embeddings D C X are obtained by the canonical projections. 

IVIIII D G \0(1, 1)|. The upper column is smooth and the lower is non-smooth that is 
obtained by the union of the first and second pullbacks of hyperplanes. 

HX1 P[P r ; r_1 , 1], P[P r ; r ] C can P[P r ; r , 1] and PpP"" 1 ; r , 1] is the pullback of a hy- 
perplane in P r . 

IXll P[P r ; r ] Ccan P[P r ; r , m] and P^ 1 ; r , m\ is the pullback of a hyperplane in P r . 
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l(R) < n + 1, where the equality holds if and only if X ~ P n and D G \0(1)\ by 
[CMSB02| . □ 

Proposition 4.2. Let (X, D) be an n- dimensional log Fano manifold with the log Fano 
pseudoindex i = n — 1 and assume D is nonzero and n > 3. Then X is isomorphic to F n 
or Q n unless n = 3 and (X, D) is isomorphic to the case i = 2 in Example\Q\ (cf. Section 
Iff, ip . Moreover: 

• If X = F n , then D G |C?(2)|, i.e., D is a smooth or reducible hyperquadric. 

• If X = Q n , then D G |C?(1)|, i.e., D is a smooth hyperplane section. 

Proof. Let R be an extremal ray with a minimal rational curve [C] G R such that {D-R) > 
0. Then l(R) > n holds by Lemma [2.3 1[ Let it: X — > Y be the contraction morphism 
associated to R. By Wisniewski's inequality (Theorem I2.29j) . 

dimExc(Tr) + dimF > n + l(R) - 1 > 2n - 1 

holds for any nontrivial fiber F of it. Hence it is of fiber type, that is, X = Exc(7r) holds. 

If p(X) = 1, then X itself Fano manifold and the Fano pseudoindex of X is larger than 
n — 1 by Proposition 12.191 If p(X) = 1 and the Fano pseudoindex of X is at least n + 1, 
then X ~ P n by |CMSB02] and D G |C(2)| holds. If p(X) = 1 and the Fano pseudoindex 
is equal to n, then (D ■ C) = 1 by Lemma I2T3D (fT|) . Therefore X ~ Q" and D G \0(1)\ 
by |KU73j . 

We consider the remaining case p(X) > 2. Then dim F = n — 1 for any fiber F of 7r and 
= n. Hence (£) • C) = 1 holds by Lemma T2.3 II f|T]). Therefore tt is a P^-bundle over 
a smooth projective curve K by |Fjt87 Theorem 2]. Then K ~ P 1 since any extremal ray 



of X is spanned by a class of rational curve (this can also be shown by Theorem I2.23|) . 
Hence we can assume X = PfP 1 ; do, ... , a n -i]> where = a < d\ < ■ ■ ■ < a n _i. Thus 
1 > n — 2 by Corollary 12.351 Since n > 3, we have n = 3, a\ = and D G ^2; 1)| by 
Corollary 12.351 (1). That is exactly the case which we have considered in Example O for 
the case l = 2. □ 



4.2. Log Fano manifolds related to Mukai conjecture. For a classification problem 
of Fano manifolds, it is very famous so called the Mukai conjecture [Muk88, Conjecture 
4] such that the product of the Picard number and the Fano index minus one is less than 
or equal to the dimension for any Fano manifold. The case where the Fano index is larger 
than the half of the dimension is treated by Wisniewski [Wis90bl IWis91a] . We consider 
the log version, which are the main results in this article. 
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Theorem 4.3. Let (X,D) be an n- dimensional log Fano manifold with the log Fano 
pseudoindex i > n/2, and p(X) > 2. Then n = 2l — 1, and (X, D) is isomorphic 

to the case in Example O in Section^ 

Proof. We prove the theorem by induction on n. The cases n < 4 have been done in 
Proposition 14.21 thus we may assume n > 5. 

Choose an extremal ray R with a minimal rational curve [C] G R as in Lemma 12.311 and 
let 7r: X — > Y be the associated contraction. Then l(R) > i + 1 > 4. We also choose an 
irreducible component with the conductor divisor (Di,Ei) C D such that (D\ ■ R) > 0. 
We know that p(D{) > 2 by Lemma 12.301 (J2J), and D is an (n — l)-dimensional snc 
Fano variety whose snc Fano pseudoindex > t by Theorem 12.201 ([I]). Thus (£)i, is an 
(n — l)-dimensional log Fano manifold whose log Fano pseudoindex > i, p{D{) > 2 and 
t > n/2 > (n — l)/2. Hence E% = (hence £) = Di) by induction step. Applying [Occ06l 
Corollary 4.3] to D, we have n — 1 = 2(t — 1) and D ~ P^ 1 x P 4 - 1 . 

We know in Lemma 12.301 (j2J) that 7t|d contracts a curve. Since D ~ P t_1 x P t_1 , 
7r|_o : D — > 7i{D) is not birational. Thus tt: X — > F is of fiber type by Lemma [2.301 
and 7r|£>: — > Y is surjective since (D ■ R) > 0. We know that h\d'- D — > Y is an 
algebraic fiber space by Lemma [2.311 Hence tt|c is isomorphic to the first projection 

p l : x P^ 1 P t_1 . 

In particular, dim(7r _1 (y) flD) — i — 1 for any closed point y G K ~ P t_1 . Therefore, 
tt: X ->■ Y is a P-bundle and 7r| D : D ->■ y is a P t_1 -subbundle by Proposition ©• 
Since D ~ P t_1 x P t_1 , there exists an integer m G Z such that (7r|c)*jv£)/x — 
C pt -i(-m) et by LemmaEH We also know by Lemma that X ~ ¥ ¥ ,-i(ix*O x {D)) 
and the embedding DcXis obtained by the surjection a in the natural exact sequence 

-> CV-i -)• 7T*0 X (£>) A (7r| D ),Ar D/x -)> o. 

Since t — 1 = (n + l)/2 — 1 > 2, this exact sequence always splits. Hence we have 
tt*Ox(D) — V i.-i © to)®' and D Cl is obtained by the canonical projection 

CV-i © CV-i(-m) 0t O pi .-i(-m) 0t . 

This case has been already considered in Corollary 12.351 (TO); to > holds. This is exactly 
the case which we have been considered in Example O Therefore we have completed the 
proof of Theorem 14.31 □ 

We recall Wisniewski's classification result. 

Theorem 4.4 ([Wis91aJ). Let X be an n-dimensional Fano manifold with the Fano index 
r. If n — 2r — 1 and p(X) > 2, then X is isomorphic to one of the following: 
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i) P^ 1 x Q r , 

ii) Pp 1 - (^PT- ) , 

iii) P[P r ;0 r -\l]. 

Using Theorems I4.3[ I4.4[ we classify (X, D) a 2r-dimensional log Fano manifold with 
the log Fano index r > 2 and D ^ 0. We note that the case r = 1 has been classified by 
Maeda |Mae861 §3]. 

Theorem 4.5 (Main Theorem). Let (X,D) be a 2r- dimensional log Fano manifold with 
the log Fano index r > 2, D ^ and p(X) > 2. Then the possibility of X and D is 
exactly in the Examples U Hfl Ell 113 El EH EH EHD E3 IS EU f5ee ToftZe Q /or 
fo£ o/X and Dj. 

We prove Theorem 14.51 in Section O 

4.3. Classification of Mukai-type log Fano manifolds. 

Corollary 4.6. We have classified n-dimensional log Fano manifolds (X, D) with the log 
Fano indices r > n — 2. 

Proof. We can assume r = n — 2 since the cases r > n — 1 have been treated in Section 

The case D = is well-known, called as Mukai manifolds (see [Isk77l IMM81} IMuk89| 
IWisQOal IWisQUbl IWis91aj ). 

The case n = 3, D ^ has been classified by Maeda [Mae86j. 

The case n > 4, D ^ 0, p(X) > 2 is already known by Propositions 14.11 14.21 and 
Theorems 14. 'S\ 14.51 

The remaining case n > 4, D ^ 0, p(X) = 1 is evident from Proposition 12.191 X and 
D is isomorphic to one of the following: 

(I) X ~ P n and D G |C(3)|. 
(II) X ~ Q n and D e \0(2)\. 

(Ill) X ~ Vd and D G |C(1)| with 1 < d < 5, where is a del Pezzo manifold of 
degree d in the sense of Takao Fujita |Fjt90[ Theorem 8.11, l)-5)], and 0(1) is 
the ample generator of Pic(Vd). 

Conversely, we know that general elements in the linear systems of flTl)- flIIII) are smooth. 
Hence the cases flH)- flIHI) actually occur. □ 



5. Proof of Main Theorem 14.51 
In this section, we give a proof of Main Theorem 14.51 



SIMPLE NORMAL CROSSING FANO VARIETIES AND LOG FANO MANIFOLDS 31 

Let L be an ample divisor on X such that — {Kx + D) ~ rL. Pick an extremal ray 
R with a minimal rational curve [C] G R such that (D ■ R) > and let 7r: X — > Y be 
the associated contraction morphism. Then we know that l(R) > r + 1 > 3 by Lemma 
12.311 We note that D is a (2r — l)-dimensional snc Fano variety whose snc Fano index 
is divisible by r by Theorem 12.201 ([I]). Let (Di,Ei) C D be an irreducible component 
of D with the conductor divisor such that (D\ ■ R) > 0. By the assumption p(X) > 2 
and Lemma 12.301 ([2]), the morphism vr^: D x — > ^(Di) is not a finite morphism and 
p{D\) > 2 holds. Since (Di,Ei) is a (2r — l)-dimensional log Fano manifold whose log 
Fano index is divisible by r, the possibility of the morphism h\di '■ D x — > tt(-Di) (which 
is an algebraic fiber space by Lemma 12. 3 1[) is isomorphic to exactly one of the following 
list by Theorems 14.31 and 14.41 

(1) P'- 1 x Q r ^ F r -\ where E l = 0. 

(2) P[P r - 1 ;0 r ,m] A P r ~\ where E x G \0(-m\ 1)| with m > 0. 

(3) P^ 1 x Q r ^> Q r , where E x = 0. 

(4) P P r(r P r) A P r , where E x = 0. 

(5) P[P r ; r_1 , 1] A P r , where E x = 0. 

(6) P r x P'- 1 ^ P r , where E x G |Opr xP r-i(l, 0)| (the case in Theorem PI with 
m = 0). 

(7) P[P r_1 ; r ,m] A Z, the divisorial contraction morphism contracting E\ ~ p 1 "- 1 x 
P r ~ 1 to P r_1 , where m > 0. 

(8) Blpr-2 p 27 "^ 1 — ). P 2r ~ 1 ) the blowing up of P 21 "- 1 along a linear subspace P r ~ 2 , where 
£7i = 0. 

Remark 5.1. For the cases ([T]), ([2]) and ([8]), dim(F R -Di) = r for any nontrivial fiber F 
of n. For the cases (EJ), (@J, ©, (E]) and ([7]), dim(F D D x ) = r — 1 for any nontrivial fiber 

F Of 7T. 

We separate the cases whether the contraction morphism it is of fiber type (Section 
E|) or not ( Section I5T2]). 

5.1. Fiber type case. Here, we consider the case where ix is of fiber type. Since dim F> 
l(R) — 1 > r > 2 for any fiber F of 7r, we have dimDi > dimy. Hence 7r|i5 1 is surjective 
and belongs to the cases (IIjHflS]) (we note that tc\ Di is an algebraic fiber space by Lemma 
EE5IJ) . 

The cases ((I]) and © 

First, we consider the cases ([[]) and ([2]). Then dim(7r| £)l ) _1 (?/) = r for any closed point 
y g K ~ P r_1 . Thus one of (liibj) . (file]) or (liidj) in Proposition 12.321 holds. 
The case ([T]) 



32 



KENTO FUJITA 



Since ir\jj is a <2 r -bundle over Y ~ P r_1 , only the case (liibj) or (liidj) can occurs. 

First, we consider the case (liibj) . Since D ~ p 7 "- 1 x Q r , -k\ d is isomorphic to the first 
projection and we can write Md/x — P r^i X Qr(—m,l) for some integer m e Z. Then 
(^"|-d)*- / '^d/x — Opr-i(— m)® r+2 by Lemma l2.28j and the sequence 

-> Opr_i -> n*O x {D) A C pi -i(-m) 0r+2 -)• 

is exact. Furthermore, X is obtained as a smooth divisor belonging to \p*Op r -i (s) <g>0 P (2) | 
in P := Ppr-i(7r*Ox(D)) for some s G Z, where p: P — > W is the projection, Z) is 
the complete intersection of X with H := PpP 7 " -1 ; (— m) r+2 \ in P. Here H C P is the 
subbundle of p obtained by the surjection a in the above exact sequence, by Lemma 
12.271 Under the isomorphism H ~ P r_1 x P r+1 , the divisor D ~ P r_1 x Q r belongs 
to \0 P r-i xpr+ i(s - 2m,2)\. Thus s > 2m since h ^' 1 x P r+1 , C P .-i xP r+i(t, 2)) = for 
any t < 0. If s > 2m, then the restriction homomorphism Pic(P r_1 x P' r+1 ) — y Pic(D) 
is isomorphism by Lefschetz hyperplane theorem and Od(-Kd) — P r-i xP r+i(r — (s — 
2m),r)\ D by the adjunction theorem, but we know that —K D is divisible by r, which 
leads to a contradiction. Therefore we have s = 2m. 

Claim 5.2. m > holds. 

Proof. We first consider the case r = 2. Since p(X) = 2, we can write NE(Jf) = R+ R' 
and let the contraction morphism associated to R' be it': X — > Y' . We note that any 
nontrivial fiber F' of tc' satisfies dimF' = 1 since any curve in F' never be contracted 
by 7r. If (D ■ R') > 0, then any nontrivial fiber F' of 7r' satisfies dimF' > 2 by the same 
argument in Proposition 12.321 this is a contradiction. If (D ■ R') < 0, then Exc(7r / ) C D. 
Hence m > 0. If (D ■ R') = 0, then R' is a i^-negative extremal ray and l(R') > 2 by the 
same argument in Proposition 12.321 Hence tt' is of fiber type by Wisniewski's inequality 
(Theorem 12. 29p . Thus tt'\d is not a finite morphism since (D ■ R') = 0. Therefore m > 0. 

Now we consider the case r > 3. The above exact sequence always splits, hence 
H = Ppf"- 1 ; (-m) r+2 ] C can P = P[P r ~ x ; (-m) r+2 , 0]. Assume that m < holds. The 
total coordinate ring of P is the Z® 2 -graded polynomial ring 

k[x , . . . , x r _i, 2/o, 2/1, • • ■,y r +2] 

with the grading 

degXi = (1,0) (l<z<r-l), 

degy = (0,1), 

degyi = (m, 1) (1 < i < r + 2). 
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X is obtained by a graded equation of bidegree (2m, 1). Since m < 0, any bidegree (2m, 1) 
polynomial is obtained by linear combinations of the elements in {yiyj}i<i<j< r +2- Then 
any divisor obtained by graded equations with the grade (2m, 1) have singular points 
along the points defined by the graded equations y\ — ■ ■ • — y r +2 = by the Jacobian 
criterion. This is a contradiction since X must be a smooth divisor. Therefore m > 0. □ 

Hence the above exact sequence splits. We now normalize the bundle structures for 
simplicity. That is, we rewrite 

H := PpF"- 1 ; r+2 ] C can P := PfP 7 "- 1 ; r+2 ,m] 

with m > 0, X is a smooth divisor on P with X G |O(0; 2)| and D = X fl H and D is 
smooth. Since H ~ P r_1 x P r+1 and D ~ f> r ~ 1 x Q r , we can take the pull back of a point 
S[~ P --1 ) C H ~ P^ 1 x P r+1 ^> P r+1 in P r+1 such that S 1 fl = 0. We can assume 
that S is the section of p: P — >• P' r_1 obtained by the canonical first projection, that is, 

S = ppp»-i ; 0] c can P = P[P r - 1 ;0 r+2 ,m]. 

Then the relative linear projection from S over P r_1 ~ Y obtains the morphism 

a : P \ S -> X' := PfP''- 1 ; r+1 , m] 

over P r_1 ~ Y. The restriction of a to X gives a double cover morphism r: X — > X' . It 
is easy to show that the branch divisor B C X' of r is the smooth divisor on X' such 
that I? G |C?(0; 2)|. Since the strict transform of the divisor 

D' := PpP 1 " -1 ; r+1 ] C can X' = PpP 1--1 ; r+1 ,m] 

in X' is exactly the intersection B fl £)' is also smooth. This is exactly the case in 
Example IIVI 

Now, we consider the case (liid|) . We write £ := 7r*Ox(L), then 

X ~ Ppr-!^) A P r_1 . 

We can write Op(1)|d — C , pr-i X Qr(— m, 1) for some integer m G Z, where Cp(l) is 
the tautological invertible sheaf on X with respect to the projection p. Hence £ ~ 
(p\d)*(Ow(1)\ d ) ~ C P r-i(-m)® r+2 holds by Lemma TM Therefore X ~ P^ 1 x P r+1 , 
which is exactly the case in Example [III 
The case (j2J) 

For convenience, let mi := m, where m is in ()2]). Then only the case ( lucj) can occurs 
since is a P r -bundle over Y ~ P r_1 . We note that D has exactly two irreducible 
components Di and D 2 since i?i is irreducible. We note that (D 2 ■ R) > since 7r is of 
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fiber type and tt\ei is surjective. Hence p{D 2 ) > 2 by the previous argument. Therefore 
k\d 2 '■ D 2 — > Y is isomorphic to 

¥[W'- 1 ;0 r ,m 2 ] A P^ 1 

with m 2 > 0. That is, D 2 also satisfy the case fl2]) by repeating the same argument. We 
can assume < mi < m 2 . Under the isomorphism D\ ~ P[P r_1 ; r , mi], we can write 
Mdj/x — 0(u; 1) with u G Z. We have u = —m 2 since AfD 1 /x\D 1 nD 2 — ■N~D 1 nD 2 /D 2 and 
N DinD2 / D2 ~ P r-i xP r-i(-m 2 , 1). Hence 

pM Dl /x ^ p*(p*0pr-i(-m 2 ) ®Op(l)) 

~ P r-i (-m 2 )® r © P r-i (mi - m 2 ) . 

Thus the exact sequence 

-)• Opr-i -)> K*O x {D\) ->■ C P r-i(-m 2 )® r © Opr-i(mi - m 2 ) ->■ 
splits since m x < m 2 . Therefore 

X ~ P[P r - 1 ;0 r , mi,m 2 ] 

with < nil < m 2- We note that D G mi — m 2 ;2)| by Corollary 12.361 This is 
exactly the case in Example IIII1 
The cases ©-© 

Next, we consider the cases (jnj)-®- Then dirn(7r|,D 1 )~ 1 (y) = r — 1 for any closed point 
y G Y. Hence only the case (0) in Proposition 12.321 occurs. 
The case ([3]) 

In this case, Y is isomorphic to Q r . 

First, we consider the case r = 2. 7t\d is isomorphic to p 2 3: P 1 x P 1 x P 1 — > P 1 x P 1 
and we can write Nd/x — f pixP 1 xP 1 (l) — m i> ~~ m 2) with mi, m 2 G Z. 

Claim 5.3. m\, m 2 > holds. 

Proof. It is enough to show mi > 0. Let / = {t} x P 1 c P 1 x P 1 ~ Y be an arbitrary fiber 
of pi : P 1 x P 1 — >• P 1 , where £ G P 1 . Let Xj (resp. Df) be the intersection of 7T _1 (/) and 
X (resp. D). Then Xf — >■ / is a P 2 -bundle, D/ is a smooth divisor in X/ with Df ^ 
and 

X/ (-(X X/ +£)/)) ~ O x (-(^x + J D))U / ^ Ox(2L)\ Xf . 

Thus (Xf,Df) is a 3-dimensional log Fano manifold whose log Fano index is an even 
number and p{Xf) = 2. Hence 

D f =P[P 1 ;0 2 ](~P 1 x P 1 ) c can X f = F[F 1 ;0 2 ,m] 
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with m > by Proposition I4.2[ thus N~D f /x f — Opi x pi(l, — m). Since Mnt/Xf — 
Md/x\d s — CpixP^l) — m i); we have mi = m > 0. □ 

We know that P-z^Nd/x — Cpi x pi(— mi, — m 2 )® 2 by Lemma 12.281 Hence we can show 
that the exact sequence obtained by Lemma [2.251 

-> Cpi xP i ->■ 7r*Ojf (£)) ->■ Cpi xP i(-mi, -m 2 )® 2 -> 

splits. Hence we we can show that 

D = PpixPl(Cpl 2 x pl) Ccan -X = PplxP^Cpl^pl © CVxP 1 ^!.; 

with < mi < m 2 by Lemma 12.251 This is exactly the case in Example I VI I 

We now consider the remaining case r > 3. We can write the normal sheaf Md/x — 
Opr-i X Qr(l, — m) with m G Z. Then (it\d)*-N'd/x — OQr(—m)® r by Lemma 12.281 Hence 
we can see that the exact sequence obtained by Lemma [2.251 

-> Qr -> 7r*e> x (D) -> £> Q ,(-m)® r ->• 

splits. Hence we can show that 

£> = P[Q r ; 01 C™ X = P[Q r ; r , ml 



by Lemma [2.251 This is exactly the case in Example IVt the divisor — [Kx + D) is ample 
if and only if m > by Remark 13.21 
The case gD 

We can write (tv\d)J^'d/x — ^P r ® CV(— m) with m G Z by Lemma [2.251 Hence we 
obtain the exact sequence such that the right hand of the sequence has been seen in 
Lemma 12.251 

Opr 7T*0 X {D) -»■ Tpr (8) Cpr(-m) 0. 

It is well known that 



Extp r (Tpr (g) Cpr(— m), Of 



(m ^ 0) 
(m = 0). 



We also know that all unsplit exact sequences for the case m = are obtained by the 
canonical exact sequences 

->• Opr -)■ 0p,(l) er+1 Tp, -)• 0. 

If the exact sequence is not split, then X ~ P r x P r by the above argument. This case 
has been considered by Example IVIIII If the exact sequence splits, then we can show that 

D = Ppr(Tpr) C can X = Ppr(Tpr © 0pr(m)). 
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This case has been considered by Example IVII( the divisor —{K x + D) is ample if and 
only if m > 1 by Remark 13.31 
The case (jSJ) 

We can write {-k\d)Md/x ^ {0^~ 1 @0^{l))®0 V t{-m) with m G Z by Lemma 1^251 
Since r > 2, the exact sequence 

CV n^Ox(D) (O®/- 1 © Opr(l)) <g> Opr(-m) ->• 

splits. Thus 

X ~PpP r ;O r - 1 ,l,m] 

and£> G |0(-m;l)|. Since O x (-K x ) ~ 0(r-m;r + 1), we have ^ 0(1;1). We 

know in Corollary 12.351 (J2]) such that m > 0; this case has been considered in Examples 
US and B 
The case (jSJ) 

We can write (ttIdJ+A/i^/x ~ Opr(— m)® r with m G Z by Lemma [2.251 Since r > 2, 
the exact sequence 

-> C P r -> ir*O x {D) -> C pr (-m)® r -> 

splits. Thus 

X ~ P[P r ;0 r ,m]. 

We know in Corollary 12.351 (T2J) such that m > holds; this case has been considered in 
Examples [VTTTl [TX] and ED 

5.2. Birational type case. We know that k\d 1 '■ D\ — > ir(Di) is a birational morphism 
by Lemma f2. 301 (flj) and an algebraic fiber space by Lemma f2. 31 1 Hence tt\d 1 '- D\ — > ir(Dx) 
belongs to the cases (JTj) and (jBj). However, we have dim(Di OF) = r — 1 for any nontrivial 
fiber F of 7r for the case (j7|); this contradicts to Proposition 12.321 (III). For the case ([HI), we 
have dim(DnF) = r for any nontrivial fiber F of tt. Thus only the case (liiap in Proposition 
12.321 occurs. That is, Y is smooth and 7r is the blowing up along a smooth projective 
subvariety W C Y of dimension r — 2. Let D Y := tt(-D) C F. Then D Y ^ P 2r_1 , and 
W C -Dy is a linear subspace of dimension r — 2 under the isomorphism D Y — P 2r_1 . Let 
ficlbe the exceptional divisor of tt. Then 7r*D Y = D + E. We note that there exists a 
divisor L Y on K such that tt*O y (L y ) ~O x (L + E) by Theorem I2TT51 since (E ■ C) = -1 
and (L • C) = 1. Therefore 

Oy(rL Y ) ~ O y (-(K y + Dy)) 

by TheoremEjElsince n*0 Y (rL Y ) ~ C x (rL+rE) ~ C x (-(X x +D)+rE) ~ C x (-7r*X y 
D-E)~ tt*O y (-(K y + D Y )). 
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Claim 5.4. (Y, Dy) is also a 2r- dimensional log Fano manifold whose log Fano index is 
divisible by r. 

Proof. It is enough to show that Ly is an ample divisor on Y . We know that NE(Y) is 
a closed convex cone since so is NE(X). Hence it is enough to show that {Ly • Cy) > 
for any irreducible curve Cy C Y. If Cy (jt W, taking the strict transform Cy of Cy 
in X, then (Ly ■ Cy) = (L ■ Cy) + (E ■ Cy) > 0. Hence it is enough to show the case 
Cy C W. We note that W C Dy and all curves in Dy are numerically proportional since 
Dy ~ P 2r_1 . Therefore we can reduce to the case Cy <£_ W. □ 

Since D Y ~ P 2 ^ 1 , we have p(Y) = 1 by Lemma I23U1 fl2|) . Therefore Y ~ P 2r and D Y 
is a hyperplane under this isomorphism by |Fjt90 Theorem 7.18]. This is exactly the 
case in Example HI 

Therefore we have completed the proof of Theorem 



References 

[Amb03] F. Ambro, Quasi-log varieties, Tr. Mat. Inst. Steklova 240 (2003), Biratsion. Geom. Linein. 
Sist. Konechno Porozhdcnnye Algebry, 220-239; translation in Proc. Steklov Inst. Math. 2003, no. 
1 (240), 214-233. 

[ABW93] M. Andreatta, E. Ballico and J. A. Wisniewski, Two theorems on elementary contractions, 

Math. Ann. 297 (1993), 191-198. 
[AW93] M. Andreatta and J. A. Wisniewski, A note on nonvanishing and applications, Duke. Math. J. 

72 (1993), 739-755. 

[BCHM10] C. Birkar, P. Cascini, C. Hacon and J. M c Kernan, Existence of minimal models for varieties 

of log general type, J. Amer. Math. Soc. 23 (2010), no. 2, 405-468. 
[CMSB02] K. Cho, Y. Miyaoka and N. I. Shepherd-Barron, Characterizations of projective spaces and 

applications to complex symplectic manifolds, Higher dimensional birational geometry (Kyoto, 1997), 

1-88, Adv. Stud. Pure Math. 35, Math. Soc. Japan, Tokyo, 2002. 
[Fer03] D. Ferrand, Conducteur, descente et pincement, Bull. Soc. Math. France 131 (2003), no. 4, 

553-585. 

[Fjn09] O. Fujino, Introduction to the log minimal model program for log canonical pairs, 
larXiv:0907.1506 vl. 

[Fjt87] T. Fujita, On polarized manifolds whose adjoint bundles are not semipositive, Algebraic Geome- 
try, Sendai, 1985. Adv. Stud. Pure Math. 10, 167-178. North-Holland, Amdterdam, 1987. 

[Fjt90] T. Fujita, Classification theories of polarized varieties, London Mathematical Society Lecture 
Note Series 155, Cambridge University Press, Cambridge, 1990. 

[GM88] M. Goresky and R. MacPherson, Stratified Morse Theory, Ergebnisse der Mathematik und ihrer 
Grenzgebiete 3, Springer- Verlag, Berlin, 1988. 

[HK00] Y. Hu and S. Keel, Mori dream spaces and GIT, Michigan Math. J. 48 (2000), 331-348. 

[Isk77] V. A. Iskovskikh, Fano threefolds. I, II, Izv. Akad. Nauk SSSR Ser. Mat. 41 (1977), no. 3, 
516-562, 717; 42 (1978), no. 3, 506-549. 



:;<s 



KENTO FUJITA 



[KM98] J. Kollar and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math, 

vol.134, Cambridge University Press, Cambridge, 1998. 
[K073] S. Kobayashi and T. Ochiai, Characterizations of complex projective spaces and hyper quadrics, 

J. Math. Kyoto Univ. 13, (1973), 31-47. 
[Kol08] J. Kollar, Quotients by finite equivalence relations, arXiv:0812.3608v2. 
[Kollla] J. Kollar, New examples of terminal and log canonical singularities, arXiv:1107. 2864vl. 
[Kolllb] J. Kollar, Moduli of higher dimensional varieties. Book to appear. See 

http : //www.math.princeton. edu/ "kollar/. 
[Mae86] H. Maeda, Classification of logarithmic Fano threefolds, Compositio Math. 57 (1986), no. 1, 

81-125. 

[MM81] S. Mori and S. Mukai, Classification of Fano 3-folds with B 2 > 2, Manuscr. Math. 36 (1981), 

no. 2, 147-162. Erratum: 110 (2003), no. 3, 407. 
[Mor79] S. Mori, Projective manifolds with ample tangent bundles, Ann. of Math. (2) 110 (1979), no. 3, 

593-606. 

[Muk88] S. Mukai, Problems on characterization of the complex projective space, Birational Geometry 
of Algebraic Varieties, Open Problems, Proceedings of the 23rd Symposium of the Taniguchi Foun- 
dation at Katata, Japan, 1988, pp. 57-60. 

[Muk89] S. Mukai, Biregulaar classification of Fano 3-folds and Fano manifolds of coindex 3, Proc. Nat. 
Acad. Sci. U.S.A. 86 (1989), no. 9, 3000-3002. 

[NO10] C. Novelli and G. Occhetta, Rational curves and bounds on the Picard number of Fano manifolds, 
Geom. Dedicata 147 (2010), 207-217. 

[Occ06] G. Occhetta, A characterization of products of projective spaces, Canad. Math. Acad. Bull. 49 
(2006), no. 2, 270-280. 

[Wis90a] J. A. Wisniewski, Fano A-folds of index 2 with b 2 >2. A contribution to Mukai classification, 

Bull. Polish Acad. Sci. Math. 38 (1990), no. 1-12, 173-184. 
[Wis90b] J. A. Wisniewski, On a conjecture of Mukai, Manuscripta Math. 68 (1990), no. 2, 135-141. 
[Wis91a] J. A. Wisniewski, On Fano manifolds of large index, Manuscripta Math. 70 (1991), no. 2, 

145-152. 

[Wis91b] J. A. Wisniewski, On contractions of extremal rays of Fano manifolds, J. Reine Angew. Math. 
417 (1991), 141-157. 

[Zha06] Q. Zhang, Rational connectedness of log Q-Fano varieties, J. Reine Angew. Math. 590 (2006), 
131-142. 

K. Fujita 

Research Institute for Mathematical Sciences (RIMS), Kyoto University, Oiwake-cho, 

Kitashirakawa, Sakyo-ku, Kyoto 606-8502, Japan 

fujita@kurims.kyoto-u.ac.jp 



